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4. Parabolic Orbits

In treating the perturbations about a parabolic orbit, one
notes that one cannot simply let e-*- 1 in (6) and (7), due to
the divisors 1 — e2; and, moreover, a-> °°. However, the
quantity a(l — e2) remains bounded and frequently is de-
noted by 2p. In order to rearrange the previous results to
read in terms of p} one notes that 8a(l — e2) = 25p + 2ae be.
However, for the parabolic case one may write e = 1 + e,
de = e, and 1 - e2 = -2e + 0(e2), so that 8a(l - e2) =
25p — 2p (1 + e). Reformulating (6) and (7) in this fashion
and retaining terms of 0(5p) and 0(e) in place of 0(5a) and
0(8e) for the elliptic orbit, one arrives at

in2/ 1 . (1 - cos/H ,- - sin2/ 7————7T2f +
V I I —I— POQT I ̂  I•" v-L n^ uuo/ j j

j - ~ ( l - c o s / ) +

3 (1 - cos/);

10 (1 + cos/):

1 1 - cos/

2(1 + 2 cos/)
- - — "(1 + COS/)20" +

2 + cos/ cos/ —
1 + cos/ (1 + cos/)2

- sin/ (14)

1/1 - cos/\2\ _
5V1 + cos/y f

5r — (1 + cos/) + 1 + cos/ (15)

It is evident that one could have obtained the same results by
applying the appropriate manipulations to (12) and (13),
i.e., by working from the hyperbolic case.

From the definition of e, it is also clear that e > 0 implies
a perturbation toward hyperbolic orbits and for e < 0 toward
elliptic ones.

5. Applications

As stated in the introduction, the results (6, 7, and 11-15),
together with the special cases for /0 = 0 (pericenter) or
/o = TT (apocenter), are applicable whenever it is desired to
exhibit the departures from an intended orbit due to faulty
guidance or orbit determination at some point /o. Taking
the manned lunar mission as an example, one can trace
the use of such formulas through its various phases.

Beginning with the coast trajectory that precedes the in-
jection to the parking orbit, one may use (6, 7, and 11) to
predict the departures from the nominal position and velocity
at the injection point due to perturbations at the termination
of launch burn. Next, the special case of these formulas for
e = 0 [formulas (17-19) of Ref. 1] is useful in exhibiting the
response of the parking orbit to errors at injection and,
specifically, the discrepancies in position and velocity just
prior to launch into the "translunar" phase.

Subsequent to this launch and any of the scheduled mid-
course maneuvers, one can use (6, 7, and 11) or (14, 15, and
11) to predict the effects of a guidance error on the lunar
approach. In fact, formulas (14) and (15) generally will be
preferable to (6) and (7) for near-parabolic orbits (frequently
encountered in lunar transfer trajectories) where (6) and
(7) begin to lose accuracy. During the lunar approach, a
high-precision position determination from the earth can be

reduced to position and velocity errors at the last guidance
maneuver by means of (14, 15, and 11). This would serve
as a summary check on the guidance through midcourse.

After the transition to a lunar parking orbit, the case e o^. 0
prevails again. If the ballistic descent to the lunar surface
follows a Hohmann arc one has /0 = TT, and for the ascent to
a return rendezvous in the lunar parking orbit the case/0 = 0
very nearly applies. For the final approach in this rendez-
vous, the relative motion between the two vehicles can be
described in detail by means of (17-19) of Ref. 1. These
expressions are simple enough for on-board calculations of
corrective maneuvers.

For the earth-bound trajectory from the moon, the earlier
remarks on the translunar phase are again applicable. Fi-
nally, the expressions (6, 7, and 11) can be used to represent
the spread between the high-altitude portions of re-entry
trajectories in response to guidance forces exerted at the
beginning of this phase. This is especially true for the skip
trajectory that may have to be flown in order to reach an
alternative landing site. In all of these approach maneuvers
the forementioned formulas are helpful during the early
part of re-entry, before the aerodynamic forces become com-
parable to the gravitational attraction.
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THE problems of hypersonic airflow including chemical
effects have received much attention recently.1 The

inclusion of coupled rate chemistry in the analysis of shock
layer flow behind detached shocks has been studied by Hall
et al.,2 who have developed an exact method of solution fol-
lowing the approach of Lick.3 Starting with a specified bow
shock, a numerical integration technique is employed to com-
pute conditions at lattice points within the shock layer, spe-
cific streamline shapes being determined from mass flow
integrals. The procedure is necessarily involved and de-
mands solution by means of a large high-speed digital com-
puter.

Several approximate methods have been reported of which
the streamtube method4'5 and the shock-mapping method6

may be mentioned. In the streamtube method the pro-
cedure is iterative, an assumed bow shock shape and location
and an assumed pressure distribution being improved in suc-
cessive iterations in real gas flow using continuity equations
until a self-consistent solution is obtained. In shock-mapping,
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an integral transform is employed to establish a correspond-
ence between normal shock and blunt body flows. The
correspondence applies in situations for which binary kinetics
govern the chemistry and for which Newtonian theory is
applicable. Under these conditions, good agreement is
found with exact calculations, especially if the assumed pres-
sure distribution is taken from the corresponding exact calcu-
lation, the flow velocity being assumed constant along stream-
lines. Streamline and body locations are determined from
mass flow relations as usual.

In this note, a relatively simple, noniterative, direct, ap-
proximate method is described for determining the chemical
and thermodynamic state along streamlines in the shock
layer and the simultaneous location of the streamlines and
shock relative to the body. The method used is an extension
of that due to Freeman,7 the chemical model comprising a
mixture of three Lighthill ideal dissociating gases,8 viz.,
N2, 02) and NO, together with the atomic species N and 0.
The assumption of a mixture of Lighthill gases implies that
the average vibrational temperatures of the molecular species
are the same and are one-half of the average translational
temperature of the mixture. Electronic excitation-ionization
and vibration-dissociation couplings are not considered.
The chemical reactions proceeding between the species are
chosen as the dominant ones in the system of innumerable
reactions which proceed in air at higher temperatures9:

kif

M + 02 ̂  20 + M
ki
kz'

M + N2 — 2N + M

NO + O ̂  N + 02
kz

ktf

N2 + 0 ̂  NO + N

N2 + 02 2 NO
fce

M is any one of the five reacting species, and &/, ki are the
forward and reverse rate constants, respectively, given by

&.' = CiT-si ki = ctT~«ft(T)
where c», s,-, Di} k are constants, and where fi(T) can be ob-
tained from statistical thermodynamics10' n or from experi-
mental determinations.12

The specific internal energy u of the gas mixture com-
prising three ideal dissociating gases is

« = - T + ^ (2«N + «NO) +

4m 2m

where D^2) Z>o2, DNO are dissociation energies per molecule,
«N, «o, «NO are mass fractions, and m is the mass of the
oxygen or nitrogen atom (assumed equal). The equation of
state is

p = (k/2m)PT(l + aN + ao)
from which follows the expression for specific enthalpy:

kT= u + = (4 + a + ao) + _ x
P 2m 4m

(1)

In the notation of Fig. 1, the equations describing the steady

flow of inviscid fluid in the shock layer, neglecting transport
effects, are as follows:

Continuity

- (Purr* sin0) = 0 (2)

Momentum
Ue __ _r ~^~ ~T ——— -T ~dr r pr

Energy

ue

r p

ue dp ur

Subject to the assumptions of large local density in the
shock layer and small density gradient along the body com-
pared with that normal thereto, Freeman13 has shown that
to a first approximation UQ and i are constant along stream-
lines and are given by

ue ̂  Um sin£ i ̂  ^U*,2 cos2£
Introducing a stream function \f/ to satisfy the continuity
equation, defined by

= puer sin# d\f//()d = — purr2 (6)

it may be shown that, at the shock, \f/ = %p«>Umr2 sin20, which
Freeman approximates as

throughout the shock layer.
Neglect of the first two terms of the second momentum

equation, Eq. (4), leads to

where suffix s refers to conditions immediately downstream
of the shock. This form, together with the first-order ap-
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Fig. 1 Physical disposition of streamlines in shock layer;
U = 23,000 fps, h = 200,000 ft, a = 0.065 ft.
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proximations for \f/ and ue, yields Freeman's expression for the
pressure in the shock layer,

<8>
It is now possible to develop a second approximation for UQ
by retaining the term (I/ 'pr) (dp/50) r in the first momentum
equation, Eq. (3). In differential form, one obtains

- COS0 (8 sin30 + sin3£) (9)

with ue = Um sin£ as an initial condition at the shock. The
specific enthalpy i now may be expressed to a second approxi-
mation as

i = ^(UJ - ue
2) (10)

From Eqs. (1) and (10), the local temperature T may be
expressed simply in terms of UQ and the mass fractions. The
local density p then follows from the equation of state to-
gether with Eq. (8). With the assumption

(d/dt)( ) ~ (ID
throughout the shock layer, the five chemical rate equations
for the mass fractions together with Eq. (9) constitute six
total differential equations connecting the five mass fractions
and UQ as dependent variables, with 6 as independent variable
and £ as parameter. These equations may be solved nu-
merically for each streamline £ = £ by a forward integration
technique. The physical disposition of the streamlines in
the shock layer is obtained from the streamline solutions, the
value of r corresponding to each (0,£) point being obtained
by .integration over the shock layer using the result

which follows from Eq. (6) written in the form

Cr , /*#I r dr = I
J a JO pue sin0

by substitution from Eq. (7).
The foregoing scheme of solution may be executed simply

with the aid of a small digital computer.14 It should be noted
that the method fails for streamlines close to the axis of sym-
metry since approximation (11) is inadequate. Conditions
along these streamlines, however, can be obtained by extrap-
olation of the results to £ = 0. A further difficulty with the
method is encountered at 6 = ?r/3 on the body, at which point
the pressure p approaches zero according to the Newtonian

0.9

Fig. 2 Thermodynamic state along £ = 0.15 and £ = 0.60
streamlines; Um = 23,000 fps, h = 200,000 ft, and a =

0.065 ft.
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Fig. 3 Chemical composition along £ = 0.15 and £ = 0.6
streamlines; I7«> = 23,000 fps, h = 200,000 ft, a = 0.065

ft.

expression. At moderate hypersonic Mach numbers, how-
ever, the sonic line is contained within the region of 6 some-
what less than ?r/3, so that a characteristics solution for this
reacting mixture of gases can be initiated before the diver-
gences due to the zero in the pressure distribution are reached.11

Typical results for the case of a sphere of 0.065-ft radius,
traveling at 23,000 fps at an altitude of 200,000 ft, are shown
in Figs. 1-3. Numerical integration of the equations was
performed14 using a Runge-Kutta technique with the initial
conditions «N = 0, ao = 0, aNo = 0, ao2 = 0.2, a^2 = 0.8,
and UQ = Um sin£ at the shock, and with rate constants as
detailed by Wray.12 The results may be compared with an
exact solution obtained by Hall et al.2 for a catenary shock of
0.0692-ft axial radius of curvature. In spite of the slightly
different bow shock geometries, the locations and shapes of
the two bodies and corresponding streamlines are quite
similar (Fig. 1). The thermodynamic state along two typical
streamlines, A and B of Ref. 2, is seen to compare well between
the two methods (Fig. 2). The slightly different conditions
immediately behind the shock result from different assump-
tions regarding the degree of vibrational excitation realized
there. The chemical state along the same two streamlines is
shown and compared in Fig. 3. The higher NO overshoot,
characteristic of shock-heated air,15 indicated in the case of
the approximate solution, arises as a result of the inclusion
of the reaction N2 + 02 ̂  2NO in the present calculations.
For the same reason the initial rate of increase of the mass
fraction of atomic oxygen is suppressed in the present solu-
tion. Nevertheless, the comparison shows the usefulness of
the approximate method in investigating the effects of rate
chemistry including recombination reactions. As noted by
Hall et al.,2 the boundary-layer thickness for the flight condi-
tions currently considered would be about one-half of the
shock stand-off distance, but this fact does not enter into the
present considerations, which are concerned solely with testing
the usefulness of the approximate in viscid flow method.
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Area-Integrated Heat Rates for Several
Axisymmetric Vehicles
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Averaging coefficients that allow rapid estimates
of area-integrated heat rates are determined for
some configurations of practical interest. The
values of these averaging coefficients lie in the range
from 0.68 to 1.00.

A
h
K

Nomen clatu re
= area
= specific enthalpy
= averaging coefficient defined by Eq. (1)

K' = averaging coefficient defined by Eq. (2)
P = pressure
q = heating rate per unit area
qt = heating rate, integrated over surface area
r = radial distance
R = radius
s = wetted distance measured along body surface
u = velocity
y = ratio of specific heats
Bc = cone half-angle
03 = body angle, measured between local radius vector and

the tangent to the surface
fj, — coefficient of viscosity
P — density

Subscripts
o = edge of boundary layer
0 = stagnation
00 = freestream
B = base of body
N = nose

IN the initial stages of entry vehicle preliminary design, it
is very advantageous to be able to perform rapid esti-

mates of the area-integrated heat rates. From these esti-
mates, decisions can be made regarding vehicle configurations
and the corresponding heat protection systems to be investi-
gated.

This may be accomplished by relating the desired heat
rate to stagnation point heat rate and vehicle base area
through an averaging coefficient. That is.

qt = KABq0 (D

For some vehicle shapes, it is convenient to introduce the
ratio of nose radius to base radius into the equation for the
desired heat rate:

qt = K'(RN/RB)lt*ABqo (2)

If the values of K or K' are known, total heat rates are
computed easily from either Eq. (1) or (2).

To determine the values of K and K', Eqs. (1) and (2) are
inverted to read

K = qt/ABq0 (3)
and

K' = (4)

The equation for laminar heat rate at any point on an axisym-
metric vehicle may be expressed as1

where

(i)=

q -

- (Pa/Po)2]"2

F(r/RB)

- (P5/Po)2]"2

(5)

(6)

(7)
The integral of Eq. (5) taken over the surface of the vehicle gives total heat rate so that, with the aid of Eq. (5), Eq. (3) becomes

,d(r/RB)

At the stagnation point of an axisymmetric vehicle, Eq. (6) is reduced to

COS0

Substitution of Eqs. (6) and (7) into Eq. (8) results in

KK !/." - (Ps/Po)2]"2

(8)

(9)
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